To examine thermoelectric (TE) properties of a semiconductor nanowire (NW) network, we propose a theoretical approach mapping the TE network on a two-port network. In contrast to conventional single-port (i.e., resistor) network model, our model allows for a large scale calculations showing convergence of TE figure of merit, ZT , with increasing number of junctions. Using this model, the numerical simulations are performed for the Bi 2 Te 3 branched nanowire (BNW) and Cayley tree NW (CTNW) network. We demonstrate that the phonon scattering at the network junctions plays dominant role in enhancing the network ZT . Specifically, random BNW and CTNW demonstrate ZT enhancement factor of 20% − 150%. The simulations results suggest formation of preferential TE pathways in CTNW which effectively behave as BNW. To provide connection with experiment, we show how the model parameters can be related to the observables available in TE measurements.
These experimental studies call for theoretical examination of scaling up TE properties of individual NWs to the macroscopic device level. Initial step in bridging these well separated length-scales is to consider the TE properties of the mesoscopic NW assemblies, which can subsequently be used as the building blocks of macroscopic devices. In this letter, we examine the TE properties of doped Bi 2 Te 3 NW networks, which could be fabricated by growing branched NW trees. Such networks can also be considered as an approximation to the mesoscale fragments of the bulk NW pellets discussed above.
Large number of junctions in branched NW mesostructures makes conventional atomistic calculations not feasible, thus, calling for approximate theoretical models. In one example, atomistic calculations were combined with an averaging procedure to examine the effect of a single ultra-thin ( 2 nm in diameter) Si NW decoration with either Si branches or chemically bound alkyl molecules. 17 The authors demonstrate that for 100 branches, ZT acquires almost four fold increase as a result of enhanced phonon scattering. To address similar computation issues in modeling the NW networks, we propose a generalized approach by mapping a NW network onto corresponding network of TE two-port elements and taking advantage of efficient electric-circuitry simulation techniques.
18-20
NW Network Model. Let us consider a TE NW network. For the temperature range of interest (250 − 400 K) both charge carriers and thermal transport occur in the diffusive regime leading to small local variations of electrochemical potential and temperature across the network. Therefore, we can partition the network into segments whose sizes are larger than the charge carriers and phonon mean free paths. 32 Each segment is terminated by hot and cold junctions with other segments and/or electrical contact as shown in Fig. 1 (a) .
Thus, we assign the difference in electrochemical potential, ∆V = V H −V C , and temperature, ∆T = T H − T C to each segment resulting in electric, J eh , and thermal, J Q , currents. In this case, the linear response theory yields 21 into account the two-component nature of these vectors, we implement the circuit analysis approach 18 to treat segments of a network as TE two-port elements. This identifies the matrix Y as the TE two-port admittance, and its inverse, Z = Y −1 , as the TE two-port impedance. 33 In such a network any two segments connected in series satisfy the sum rule tance matrices, i.e., {Ỹ N,n } 2 N −1 n=1 , {Ỹ g+1,n } 2 g n=1 , and {Ỹ g,n } 2 g−1 n=1 . (f) n-th RU from generation g modeled by two NW segments from panel (a) with the admittance matrices Y g,n,1 and Y g,n,2 .
for the impedance matrix Z = Z 1 + Z 2 and the segments connected in parallel satisfy the sum rule for the admittance matrix
The TE admittance matrix can be represented in terms of transport coefficients, for electrons, L 22
we represent the admittance matrix as
where, e denotes electron charge; T = (T H + T C )/2 is the averaged temperature, and κ ph is the phonon thermal conductivity. Analytical expressions for L e i and L h i used in our numerical calculations are given in Appendix A. Equation (1) accounts for the branching induced drop in the electrical and thermal conductivities via the reduction functions f eh (η) and f ph (η, ξ), respectively. Fig. 1 Implementing serial connection rule, we find the following segment reduction functions
Shown in
Retaining only the linear term in Eq. (3) yields identical functional form for f eh and f ph .
This makes the electron/hole and phonon TE channels uncoupled and the network can be modeled using single-port elements. 9 In this case η s and ξ s can be directly related to the junction impedance as shown in Appendix B 1. In the numerical calculations, the cross-term is retained to account for the mixed electron/hole and phonon TE channels. (2) and (3) with s ≡ {g, n, m}. By taking into account that both segments in each RU of generation g has serial connection with the attached portion of the network (i.e., generations g + 1 through N ), we introduce the admittance matrixỸ g,n Finally, we express the TE figure of merit in terms of the TE admittance matrix as
where (Ỹ) 12 denotes the off-diagonal matrix element ofỸ =Ỹ BN W orỸ =Ỹ CT N W . This expression can be verified by using general relations 23, 24 between transport coefficients and the electrical conductivity,
, and the electron/hole contribution to thermal conductivity
Numerical Results. the number of generations.
Transport properties of TE networks and devices are typically modeled by considering the electric and thermal currents independently. This allows for mapping a TE network on electrical and thermal single-port (i.e., resistor) independent networks. In particular this approach has been used to examine ZT growths with increased number of a junctions for decorated Si NWs. 17 To compare the proposed two-port model with conventional single-port one, Fig. 2 (c) presents ZT enhancement factor vs. number of junctions in the disordered Bi 2 Te 3 BNW network calculated using both models. The plot shows that both models yield the same ZT behavior for a small (about 5) number of junction. After that point singleport network model shows much steeper growth than the two-port one. Our analysis shows that in the limit of infinite number of junctions ZT calculated with the help of single-port network diverges. Thus we argue that the single-port network model is a good approximation for small networks whereas modeling of extended mesoscale networks should be performed using proposed two-port network approach. More details on applicability of the single-port network approximation are given in Appendix B 1. Fig. 3 shows how the enhancement factor for 100-generations (100-junctions) ordered and disordered CTNW (BNW) changes with the increase of the phonon reduction parameter.
While for disordered network this value can reach 150% and higher, the ordered network shows no more than 20% enhancement. This plot clearly demonstrates that the disordered network outperforms its ordered counterpart about an order of magnitude in ZT enhancement.
Accurate modeling of TE NW networks requires precise knowledge of the junction reduction parameters. These parameters can be determined using experimentally obtained values of electrical and thermal conductivities for equal length single NW and a three segment Tjunction ( Fig. 1 (d) , N = 2). As derived in Appendix B 2, the junction reduction parameters assume simple form η = 2 (σ eh −σ eh ) / (2σ eh −σ eh ), ξ = 2 (κ ph −κ ph ) / (2κ ph −κ ph ), where κ ph (κ ph ) and σ eh (σ eh ) are measured single NW (the NW T-junction) thermal and electrical conductivities, respectively. Use of the proposed expressions assumes that κ eh < T S 2 σ eh .
Such a regime can be reached for a specific range of the chemical potential and temperature shown as blue region in Fig. 4 .
In conclusion, we have developed a two-port network model to describe the TE properties of the NW networks. We argue that our model provides better approximation for mesoscale networks containing large amount of elements compared to conventional single-port (resistor) network model. In this section, we present microscopic expressions for the transport coefficients entering the thermoelectric (TE) admittance matrix given by Eq. (1) in the Letter. These moments describe the charge carrier contributions to the electrical and thermal conductivity and the Seebeck coefficient. Representation for the phonon-assisted thermalconductivity entering the TE admittance matrix is provided as well. Finally, we discuss details of the model parameterization used to describe a homogeneous Bi 2 Te 3 nanowire (NW).
Transport Coefficients
The transport coefficients for the charge carriers in an isolated NW are
where 
where the integer indices α, β describe the quantum numbers associated with the size quantization across the NW. The prefactor C j = (2eμ j m * j,y /πA ) 2m * j,y k B T contains the NW cross-section, A, carriers effective mass along the NW axis (identified as y-axis) m * j,y , and the carriers mobilityμ j . The latter quantity is evaluated according to the Matthiesson's rule, 1/μ j = (1 + (Λ/ A/π)(1 − p)/(1 + p))/μ b j , using as parameters bulk carrier mobility, µ b j , mean free path Λ, and surface specularity p.
14 In Eqs.
is the Fermi-Dirac fractional integral whose argument is the reduced chemical potential, To model the electronic structure of Bi 2 Te 3 NW, we adopted the effective mass k · p approach. Specifically, rectangular Bi 2 Te 3 NW grown along [015] crystallographic direction is considered. 16 As mentioned above, the NW axis is aligned along y-direction so that the (x, z)-plane contains the NW cross-section. The sides of the rectangle are set to be identical, a z = a x = 8 nm. According to this model the electron/hole energy at the band edge is
Here, zero energy is set at the middle of the bulk band gap. The temperature dependent values of the effective masses m * j,n with j = e, h and n = x, y, z are adopted from the literature 25 .
The band gap temperature dependence is E g (T ) = 150.0 − 0.0947T 2 /(T + 122.5) meV. 
Phonon Conductivity
The phonon conductivity is calculated using the following general expression
where T ph (ω) is the phonon transmission function. The boundary roughness described by the specularity parameter p is crucial for the phonon transport in Bi 2 Te 3 NW 14 . To account for the specularity effect, we complimented the solution of the Boltzmann equation with the corresponding boundary condition. This along with the Drude conductivity in place of
where the specularity function is
Here v is the average value of the acoustic phonon group velocity weighted by the phonon population factor, Λ ph is the phonon mean free path, = ω/k B T is normalized phonon energy, and Θ D is the Debye temperature. For the narrow wires (Λ ph ≤ √ A), the group velocity and the mean free path become functions of due to quantization of the phonon energy. However, here we consider the situation in which √ A Λ ph so that the size quantization of phonons becomes negligible and effect of the specularity becomes dominant.
In As shown in the Letter for a single junction, these functions can be represented as
where 0 ≤ η ≤ 1 and 0 ≤ ξ ≤ 1 are the electric and phonon reduction parameters, respectively. For further consideration the subscript s labeling junction position within a network is not important, therefore, we omit it in Eqs. (B1) and (B2). Using this representation, we clarify the physical meaning of these key variables in the case of a single junction and discuss their connection with the microscopic quantities introduced in Section A for T-junction.
Connection with Single Junction Impedances
We restrict our model to the regime of uncoupled electric and phonon channels facilitating single-port (resistor) network approximation. This approximation is valued under the
simplifying the admittance matrix (Eq. (1) in the Letter) to the following diagonal form
Accordingly, the electric and phonon impedances of a NW (i.e., f eh (η) = f ph (ξ) = 1) can be defined as
For a single junction, the corresponding impedances become defined asZ eh = (
Substitution of the reduction functions in the form of Eqs. (B1) and (B2) into these expressions immediately results in the following expressions for the reduction parameters do not correspond to the desired uncoupled regime. Therefore, more complex T-junction configuration allowing experimental determination of the reduction parameters via measuring electrical and thermal conductivities is considered below.
Connection with T-junction Conductivities
Here, we examine a T-shaped junction made of three identical NWs. For such a junction, we denote the electrical conductivityσ, thermal electron/hole-assisted conductivityκ eh , thermal phonon-assisted conductivityκ ph , and the Seebeck coefficientsS. By using general relations 23, 24 between transport coefficients and the electrical conductivity,σ eh = e 2L 0 , the Seebeck coefficient,S =L 1 /(eTL 0 ), and the electron/hole-assisted thermal conductivitỹ κ eh =L 2 /e 2 T −L 
Here, e is the absolute value of the electron charge. Note that the effect of the junction is already included into the transport coefficients (L i , i = 0, 1, 2) and no reduction functions are needed in Eq. (B9).
On the other hand, introducing similar parameters for each NW forming the T-junction 
Deriving this expression, we used the fact that the junction does not change the Seebeck coefficient, i.e., S =S. 35 Accordingly, this quantity does not enter Eqs. (B11) and (B12).
To uncouple the electron-assisted and phonon-assisted effects on thermal conductivity, we impose a requirment that κ eh S 2 T σ eh . This conduction eliminatesκ eh and κ eh in the matrix element (Ỹ 2 ) 22 of Eq. (B9) and (B10), respectively. Subsequently, one can setκ eh = κ eh = 0 in Eq. (B12) resulting in ξ = 2(κ ph −κ ph ) 2κ ph −κ ph .
Obtained Eqs. (B11) and (B13) are used in the Letter to provide connection with experiment.
